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Abstract 

Population size estimation requires access to unit-level data in order to correctly apply capture-recapture 
methods. Unfortunately, for reasons of confidentiality access to such data may be limited. To overcome 
this issue we apply and extend the hierarchical Poisson-Gamma model proposed by L.-C. Zhang (2008), 
which initially was used to estimate the number of irregular foreigners in Norway. 
The model is an alternative to the current capture-recapture approach as it does not require linking multiple 
sources and is solely based on aggregated administrative data that include (1) the number of apprehended 
irregular foreigners, (2) the number of foreigners who faced criminal charges and (3) the number of 
foreigners registered in the central population register. The model explicitly assumes a relationship 
between the unauthorized and registered population, which is motivated by the interconnection between 
these two groups. This makes the estimation conditionally dependent on the size of regular population, 
provides interpretation with analogy to registered population and makes the estimated parameter more 
stable over time. 
In this paper, we modify the original idea to allow for covariates and flexible count distributions in order to 
estimate the number of irregular foreigners in Poland in 2019. We also propose a parametric bootstrap for 
estimating standard errors of estimates. Based on the extended model we conclude that in as of 31.03.2019 
and 30.09.2019 around 15,000 and 20,000 foreigners and were residing in Poland without valid permits. 
This means that those apprehended by the Polish Border Guard account for around 15-20% of the total. 

This work is based on Beręsewicz, M., & Pawlukiewicz, K. (2020). Estimation of the number of irregular 
foreigners in Poland using non-linear count regression models. arXiv preprint arXiv:2008.09407. 

 

  Working paper 3   

  Distr.: General 
29 April 2024 
 
English  



Working paper 3  

 

2  
 

 

I. Introduction 

1. The demand for reliable estimates of the number of foreigners residing in a given country on 
a permanent and temporary basis as well as those that are part of the working population is expressed 
at various levels, including the central government, as well regional and local authorities. 
Information about the demographic, social and economic characteristics of foreigners is particularly 
important for the implementation of population, migration and economic policies. Another important 
issue is the scale of unregistered / irregular immigration1, i.e. remaining outside the administrative 
systems. There is currently no reliable and direct data source that would provide reliable information 
in this respect. 

2. Determining the number of foreigners, including unregistered immigrants, is an important 
methodological challenge for official statistics. First, administrative registers provide information 
about the de iure (registered) population, while statistics are interested in the de facto (registered and 
unregistered) population. Secondly, foreigners constitute a hard-to-reach population, i.e. one that 
cannot be easily estimated using traditional statistical methods. This is because there is no available 
(exhaustive) sampling frame/list and it is difficult to obtain information from individual units . While 
some characteristics of hard-to-reach populations can be determined by collecting survey data (for 
example, the selection of units for a sample can be done using the snowball method and its extension 
– Respondent Driven Sampling), the task of estimating the size of such a population poses 
a methodological challenge. 

3. A number of appropriate statistical methods for estimating population sizes based on capture-
recapture techniques have been proposed in the literature (for a recent review see Böhning, Bunge, 
and Heijden 2017). We can categorise these approaches into two groups: the first one includes those 
based on a single data source (cf. Van Der Heijden et al. 2003; Böhning and Heijden 2009) and the 
second – on at least two data sources (cf. Van der Heijden et al. 2012; Coumans et al. 2017). The 
effective use of these techniques in practice largely depends on the availability of statistical data and 
is restricted by the need to meet certain assumptions underlying the individual methods. Dual or 
triple system capture-recapture methods require access to unit-level data (e.g. in order to calculate 
recapture counts) and are based on certain assumptions, which it may be difficult to meet in practice. 

4. However, in practice it is often only possible to obtain aggregated data owing to privacy and 
sensitivity restrictions. For instance, Statistics Poland does not have access to individual data from 
police or Border Guard records. In such situations one can apply the residual method (Passel 2007; 
Hanson 2006), single-source capture-recapture based on distributional assumptions about count data 
(cf. Böhning, Heijden, et al. 2019) or models developed for correcting under-reporting as proposed 
by Bailey et al. (2005; Oliveira, Loschi, and Assunção 2017; Stoner, Economou, and Drummond 
Marques da Silva 2019). The first and most common method applied in economics, for instance by 
the Pew Research Center (Pew Research Center 2019b), is the residual method, where the size of the 
unauthorized population is calculated as the difference between the total number of foreigners, non-
citizens (e.g. from census data) and that of authorized non-citizens (e.g. from register data). Single 
source capture-recapture based are more restrictive and is biased in presence heterogeneity and 
contamination (dependence between captures). To overcome these issue zero-truncated one-inflated 
distribution was proposed by Godwin and Böhning (2017) and proved to be equivalent with zero-one 

  
 

1 In the paper we interchangeably use three terms – unregistered, unauthorized, irregular – to denote the 
same group of foreigners who reside in a given country without a valid permit. 
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truncated distributions (Böhning, Heijden, et al. 2019). The latter method involves joint modelling of 
the binary indicator or proportion of under-reporting and observed counts. It also requires a set of 
strong covariates for each equation and instrumental variables that are connected only with one of 
these processes. 

5. In this paper we take a different approach, which was initially proposed by L.-C. Zhang (2008) in an 
unpublished working paper. The model is based solely on aggregated data, with the assumption of 
a non-linear relationship between the registered and unregistered population under a Gamma-Poisson 
mixed model. The method requires three data sources: 1) observed irregular population (e.g. 
apprehensions), 2) foreigners listed in police registers (e.g. criminal charges), and 3) known legal 
population (e.g. from the population register). In the original paper, L.-C. Zhang (2008) used the 
following datasets for Norway: (1) foreigners who did not have a valid permit for staying in the 
country, determined on the basis of expulsion requests at the Norwegian Directorate of Immigration 
(further divided into those who had applied for asylum and those who had not), (2) foreign citizens 
who faced criminal charges, and (3) foreign-born persons aged 18 and over, registered in the Central 
Population Register. The main limitation of this method is the fact that some countries (e.g. UK, 
USA) do not have a central population register. 

6. In this study, we critically assess, reuse and extend this model by including demographic covariates 
and different distributions of counts to estimate the number of of irregular foreigners in Poland. The 
structure of the paper is as follows. Section 2 provides a description of the situation in Poland, basic 
definitions of concepts referred to in the paper and data sources used for the estimation. Section 3 
describes assumptions of the approach proposed by L.-C. Zhang (2008), the model, its critique and 
extension, including bootstrap MSE estimation. Section 6 offers a verification of the assumptions 
given the available data and estimation results. The paper ends with conclusions and discussion. All 
codes and data used in the paper are available in the supplementary materials in the paper 
Beręsewicz, M., & Pawlukiewicz, K. (2020). Estimation of the number of irregular foreigners in 
Poland using non-linear count regression models. arXiv preprint arXiv:2008.09407. 

II. The population of irregular foreigners in Poland 

1. Basic definitions 

7. The population of unauthorized immigrants is not only hard to reach but also hard to define. To start 
with, a foreign-born person can be classified using three characteristics L.-C. Zhang (2008): 

i. entry status: legal or illegal, 

ii. residence status: legal, quasi-legal, temporary or illegal, 

iii. working status: legal, illegal or no-work. 

8. The exact definition of these categories will vary across countries and over time, as a result of the 
dynamism and intricacies of immigration laws. In the paper we focus on the residence status. 

9. In the EU context, the term irregular migrant refers to a third-country national present on the 
territory of a Schengen State who does not fulfil, or no longer fulfils, the conditions of entry as set 
out in the Regulation (EU) 2016/399 (Schengen Borders Code) or other conditions for entry, stay or 
residence in that EU Member State. 

10. Pew Research Center (2019a), which provides estimates of the irregular population calculated by 
applying the residual method, uses the following definition in the EU context: “Unauthorized 
immigrants in this report are people living without a residency permit in their country of residence 
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who are not citizens of any European Union or European Free Trade Association (EFTA) country. 
The unauthorized population also includes those born in EU-EFTA countries to unauthorized 
immigrant parents, since most European countries do not have birthright citizenship. Finally, the 
European unauthorized immigrant population estimate includes asylum seekers with a pending 
decision.” 

11. According to (Eurostat 2019) in 2019, “627,900 non-EU citizens were found to be illegally present 
in the EU-27. This was up 9.7% compared with one year before (572,200), but down 69.9 % when 
compared with the record level of 2015, when that number present stood at 2,085,500”. EU Member 
States with the largest numbers of non-EU citizens found to be illegally present in 2019 included 
Germany (133,500), Greece (123,000), France (120,500) and Spain (62,900), which together 
accounted for 70.1% of all non-EU citizens found to be illegally present in the EU-27. The 
corresponding figure for Poland in 2019 was 26,625, compared to 26,547 in 2018. Note that these 
statistics are based on border guard reports that will be discussed in the next section. 

12. For administrative purposes, Polish authorities (Polish Border Guard 2020) use the term illegal stay, 
which is defined as a stay which does not comply with the legal provisions describing the conditions 
that foreigners must meet in order to enter and stay in the Republic of Poland . More specifically, 
a person’s stay in the Republic of Poland is regarded as illegal when a foreigner: 

i. does not hold a valid visa or another valid document entitling them to enter and stay in Poland, 

ii. has not left the territory of Poland after their period of stay in the country has expired, 

iii. has crossed or attempted to cross the border illegally, 

iv. performs or has performed work illegally, 

v. has undertaken business activity in breach of the regulations, 

vi. does not hold sufficient means of subsistence for the duration of their intended stay in Poland, 

vii. is a person identified in an alert issued in the SIS (Schengen Information System) or in the 
national database for the purposes of refusing entry 

13. If a foreigner is found to be staying in Poland illegally, an administrative procedure is initiated 
whereby the person is obliged to leave the country. 

14. The legality of a foreigner’s stay in Poland can be carried out by representatives of the following 
agencies: 

i. officers of the Customs Service, 

ii. officers of the Border Guard, 

iii. police officers, 

iv. authorised employees of the Office for Foreigners, 

v. authorised employees of the Provincial Office. 

15. Currently, there are two institutions that provide information about irregular foreigners – the Border 
Guard on a quarterly basis and the Office for Foreigners within the Ministry of the Interior and 
Administration on an annual basis. The latter provides information about the number of third country 
nationals ordered to leave. In this paper we focus on data obtained from the Polish Border Guard, 
described in the section below. 
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2.  Data Sources 

(a) Polish Border Guard data 

16. The Polish Border Guard (PBG) reports the number of irregular foreigners according to the actual 
place of apprehension, which includes: within the country, at airports, at the border with Ukraine, 
Belarus and Russia separately. In the case of airports or borders, the legal status of foreigners exiting 
Poland was verified, i.e. some of them were found to be irregular (e.g. exceeded their period of stay) 
and were ordered to leave (i.e. this number is reported by the Office for Foreigners). Since these 
people were already leaving Poland, no apprehension procedure was involved. Consequently, these 
cases should not be taken into account while estimating the size of the unauthorized population. 

17. Reports prepared by PBG are compiled on a quarterly basis and are broken down by sex and age. 
The current reporting suffers from multiple counts of the same individuals, because PBG does not 
normally remove duplicates from their quarterly statistics. Fortunately, at our request, the data we 
received from PBG had been deduplicated by accounting for information about re-apprehensions. 
Currently, PBG can only specify two levels – first and second or more apprehensions within a given 
year. In our study we focus on persons apprehended only once within the country. Table 1 presents 
statistics for the first and second half of 2019. In the first part of 2019 over 11,000 foreigners were 
found to stay in Poland illegally, with about 3,200 apprehended within the country. These figures 
increased in the second half: to over 14,000 and 3,500, respectively. The increase can most likely be 
attributed to those foreigners whose stay permit issued in the first half of the year expired. Note that 
most illegal foreigners were stopped while leaving Poland at the border with Ukraine, which is the 
main source country of non-citizens in Poland. We also note that the number of re-apprehensions is 
very low and follows a zero-truncated one-inflated distribution, thus limiting the possibility of 
applying single-source capture-recapture. 
 

Table 1. 
 The number of irregular foreigners in Poland by place of apprehension and re-apprehension status in 
2019 

Half Same year Within country Airports Ukraine Russia Belarus Total 
I No 3,190 710 6,879 106 785 11,670 
I Yes 29 1 0 0 0 30 
II No 3,437 1,016 8,492 143 1,052 14,140 
II Yes 70 0 0 0 0 70 

 
(b) Police data 

18. The second data source used in the study is the National Police Information System (Pol. Krajowy 
System Informacji Policji; KSIP) which is the main police database containing information about 
individuals suspected of indictable offenses, persons wanted by the police or attempting to hide their 
identity, and about lost or stolen property. We were given access to police records about registered 
individuals containing the following classifications: 1) procedural registrations, 2) criminal 
registrations, 3) searches for missing and wanted individuals and 4) traffic violations. 

19. We obtained anonymised, unit-level data, containing the following variables: a pseudo-identifier 
(each person in the KSIP register has a unique identifier), the quarter in which the registration was 
made, sex, age calculated at 28 Jan 2020 (date of data compilation), whether or not the person has 
a personal id, citizenship, and residence status (unknown, permanent, temporary stay or 
unregistered). These data are presented in Table 2. 
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20. According to the police records, 24,571 foreigners were registered in the first half of 2019 and 
28,453 in the second half. The increase is mainly due to the higher number of individuals who 
committed traffic offences, which in turn may result from more intensive police activity during 
summer holidays and the Christmas period. In both periods,the dataset contains a similar share of 
foreigners registered for permanent residence or temporary stay and those unregistered but there are 
differences in the categories of police registrations. For instance, most procedural and search 
registrations involved unregistered foreigners, while most traffic violations concerned registered 
foreigners. In general, the number of foreigners in the police register is higher than that reported by 
the Border Guard. 
 

Table 2. 
The number of foreigners in police records by registration type and residence status (registered for 
temporary stay or permanent residence) in 2019 

Half Registered Procedural Search Traffic Criminal Total  
I Yes 1,499 715 9,286 10 11,510  
I No 4,046 6,522 2,477 16 13,061  
II Yes 2,080 878 11,988 6 14,952  
II No 4,644 5,979 2,867 11 13,501  

 
(c) The registered (legal) population 

21. A foreigner, a citizen of another EU Member State, who stays in Poland for more than 3 months, is 
obliged to register. Other foreigners are required to register if their stay is longer than 30 days. Since 
2018, each foreigner who stays longer than 30 days and has registered, has been automatically 
assigned a personal identification number (PESEL), but if registration is not possible (e.g. no 
permanent place of residence), such a person can still apply for a PESEL number. The PESEL 
register is maintained by the Ministry of Digital Affairs2. 

22. Table 3 presents information about foreigners in the PESEL register (holding a PESEL id) broken 
down by registration type: no address in Poland, temporary stay, permanent residence, deregistered 
‘to nowhere’, temporary stay expired3, and residence outside Poland. According to the PESEL 
register, the majority of registered foreigners did not reside in Poland or their period of temporary 
stay expired. Moreover, in most cases, their stay was temporary. This is mainly due to the 
requirements that have to be met in order to qualify for permanent residence. In our study we focus 
on foreigners that have come for a temporary stay or permanent residence. 

  

  
 

2 Throughout the paper we interchangeably use three descriptive terms to refer to foreigners listed in the PESEL register – 
the PESEL population, the registered population or the regular population, meaning those who reside in Poland temporarily 
or permanently. 
3 In such cases it is unclear whether such persons have left the country without deregistering or remain in the country 
without a valid residence permit, which means they should be included in the irregular population. Without linking the 
PESEL register with other sources it is not possible to assess the quality of this variable. Note that these figures are over 10 
times as high as the number of illegal stays reported by the Border Guard and thus may contain a significant number of 
misclassified cases. 
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Table 3. 
The number of foreigners in the PESEL register by registration type at quarter ends in 2019 

As at No address Temporary Permanent De-registered Expired Outside 
31.03 81,202 242,318 56,476 16,158 124,368 332,256 
30.06 107,545 249,154 57,656 16,246 157,476 383,283 
30.09 134,483 246,990 59,228 16,340 196,209 441,705 
31.12 160,868 252,245 60,440 16,386 225,690 496,374 

23. In section 6.1 we provide exact information regarding the sub-population of foreigners analysed in 
our study. 

III. Theoretical properties of the L.-C. Zhang (2008) model 

1. Model assumptions 

24. L.-C. Zhang (2008) proposed a model to estimate the number of foreigners at a given time (i.e. 
census night, register reference point), which relies on administrative data (cf. Gerritse 2016) but 
contrasts with most single-source capture-recapture studies, which use data from the whole year or 
a specific period to obtain counts for the models. L.-C. Zhang (2008) model is based on the 
assumption that there is a relationship between the unauthorized and registered population, which is 
justified below. 

25. Let 𝑀𝑀𝑡𝑡 be the size of the population of unauthorized residents at the time point of interest 𝑡𝑡. Let 𝑁𝑁𝑡𝑡 
be the size of the known reference (proxy) population at the same time 𝑡𝑡 (e.g. census night; end of 
the year). We use 𝑁𝑁𝑡𝑡 to denote the number of foreign-born persons over 18 who are registered, i.e. 
have a temporary or permanent residence permit. 

26. 𝑀𝑀𝑡𝑡 should be regarded as a random variable and 𝑁𝑁𝑡𝑡 as a known covariate. Let 𝑓𝑓(𝑀𝑀𝑡𝑡|𝑁𝑁𝑡𝑡) denote the 
conditional probabilistic distribution of 𝑀𝑀𝑡𝑡 given 𝑁𝑁𝑡𝑡. The target parameter is the theoretical size of 
irregular residents, which is defined as the conditional expectation of 𝑀𝑀𝑡𝑡 given 𝑁𝑁𝑡𝑡 with respect to 
𝑓𝑓(𝑀𝑀𝑡𝑡|𝑁𝑁𝑡𝑡), denoted by 

𝜉𝜉𝑡𝑡 = 𝐸𝐸(𝑀𝑀𝑡𝑡|𝑁𝑁𝑡𝑡). 

27. As L.-C. Zhang (2008) notes, the theoretical size is defined as the conditional expectation of 
a random variable, which makes it possible to get rid of the spurious variation as long as the 
reference population size is held fixed. The purpose of introducing 𝑁𝑁𝑡𝑡 is two-fold: (a) it serves as an 
explanatory variable of the irregular size 𝑀𝑀𝑡𝑡, and (b) it provides an interpretation of the irregular size 
𝑀𝑀𝑡𝑡 in analogy to 𝑁𝑁𝑡𝑡. In this way, the theoretical size is a stable measure of the target variable as 
variation in 𝑀𝑀𝑡𝑡 is linked to that of 𝑁𝑁𝑡𝑡. 

28. Moreover, since the chosen 𝑁𝑁𝑡𝑡 is not subject to seasonal variation, neither is the theoretical 𝜉𝜉𝑡𝑡. In 
contrast, 𝑀𝑀𝑡𝑡 defined in a more naturalistic manner can be expected to vary greatly in the course of 
one year, being perhaps the highest in the summer months, which is another kind of spurious 
variation. 

29. There is also a sociological and economic justification for why 𝑀𝑀𝑡𝑡 depends on the regular population 
𝑁𝑁𝑡𝑡. Because irregular foreigners do not have regular job opportunities and cannot claim social and 
health benefits, they need a network of contacts with registered residents, who are much better off 
socially and economically. It is hard to imagine a completely closed community of Ukrainian or 
Vietnamese irregular residents in Poland. The first one is the largest immigrant group in Poland as 



Working paper 3  

 

8  
 

a result of recent migration flows and the second is one of the most stable in terms of size and is 
confined to a relatively small area (living mainly in Warsaw and in neighbouring communes). This 
explains the choice of the reference population – the registered population aged 18 and over. 

2. Zhang (2008) model  

30. For both the target and the reference populations, let 𝑖𝑖 = 1, . . . ,𝐶𝐶 be the index of the sub-population 
classified by the country of citizenship and origin, respectively. For simplicity, we drop the 𝑡𝑡 index 
denoting the reference time. L.-C. Zhang (2008) assumed that the observed number of irregular 
residents follows a Poisson distribution, with parameter 𝜆𝜆𝑖𝑖, denoted by 

𝑚𝑚𝑖𝑖 ∼ Poisson(𝜆𝜆𝑖𝑖). (1) 

31. The parameter 𝜆𝜆𝑖𝑖 should depend on two other quantities: (a) the total number of irregular residents 
from country 𝑖𝑖, denoted by 𝑀𝑀𝑖𝑖, and (b) the probability of being observed, i.e. the probability for an 
irregular resident to be included in Border Guard data, denoted by 𝑝𝑝𝑖𝑖, i.e. 𝜆𝜆𝑖𝑖 = 𝑀𝑀𝑖𝑖𝑝𝑝𝑖𝑖. 

32. In addition, let 𝑢𝑢𝑖𝑖 = 𝑀𝑀𝑖𝑖𝑝𝑝𝑖𝑖/𝐸𝐸(𝑀𝑀𝑖𝑖𝑝𝑝𝑖𝑖|𝑛𝑛𝑖𝑖,𝑁𝑁𝑖𝑖), where 𝐸𝐸(𝑀𝑀𝑖𝑖𝑝𝑝𝑖𝑖|𝑛𝑛𝑖𝑖,𝑀𝑀𝑖𝑖) denotes the conditional expectation 
of 𝑀𝑀𝑖𝑖𝑝𝑝𝑖𝑖 given 𝑛𝑛𝑖𝑖 and 𝑁𝑁𝑖𝑖. The 𝑢𝑢𝑖𝑖 is a random effect that accounts for heterogeneous variation from 
one country to another. Together, we obtain 

𝜆𝜆𝑖𝑖 = 𝜇𝜇𝑖𝑖𝑢𝑢𝑖𝑖, 

where 𝜇𝜇𝑖𝑖 = 𝐸𝐸(𝑀𝑀𝑖𝑖𝑝𝑝𝑖𝑖|𝑛𝑛𝑖𝑖,𝑁𝑁𝑖𝑖) = 𝐸𝐸(𝑀𝑀𝑖𝑖|𝑁𝑁𝑖𝑖) ⋅ 𝐸𝐸(𝑝𝑝𝑖𝑖|𝑀𝑀𝑖𝑖, 𝑛𝑛𝑖𝑖,𝑁𝑁𝑖𝑖). The final model is specified by the 
following set of equations 

𝜉𝜉𝑖𝑖 = 𝐸𝐸(𝑀𝑀𝑖𝑖|𝑁𝑁𝑖𝑖) = 𝑁𝑁𝑖𝑖𝛼𝛼 ,

𝜔𝜔𝑖𝑖 = 𝐸𝐸(𝑝𝑝𝑖𝑖|𝑀𝑀𝑖𝑖,𝑛𝑛𝑖𝑖,𝑁𝑁𝑖𝑖) = 𝐸𝐸(𝑝𝑝𝑖𝑖|𝑛𝑛𝑖𝑖,𝑁𝑁𝑖𝑖) = �𝑛𝑛𝑖𝑖
𝑁𝑁𝑖𝑖
�
𝛽𝛽

,

𝑢𝑢𝑖𝑖 ∼ Gamma(1,𝜙𝜙),

 (2) 

where Gamma(1,𝜙𝜙) denotes the gamma distribution with the expectation 𝐸𝐸(𝑢𝑢𝑖𝑖) = 1 and variance 
𝑉𝑉(𝑢𝑢𝑖𝑖) = 1/𝜙𝜙. Zhang uses term hierarchical Gamma-Poisson random effect model to describe [eq-
zhang-model] and derives log-likelihood function that may be found in Appendix 9 but we show in 
Appendix 9.1 that it is actually Negative Binomial distribution as a special case of Poisson-Gamma 
mixture. Furthermore, we show in Appendix 9.4 that the simplified approximation of term log𝛤𝛤(𝑥𝑥) 
used by L.-C. Zhang (2008) leads to biased estimates of 𝛼𝛼,𝛽𝛽 and 𝜉𝜉. 

33. The model has the following assumptions. First, country random variation refers only to observed 
apprehensions i.e. 𝑚𝑚𝑖𝑖 as 𝜇𝜇𝑖𝑖 is scaled by 𝑢𝑢𝑖𝑖. Second, the non-linear relationship between the regular 
population size 𝑁𝑁𝑖𝑖 and 𝑀𝑀𝑖𝑖 is imposed by the power function with 𝛼𝛼 being the same for all the 
countries. Finally, there is a similar relationship, defined by the 𝛽𝛽 parameter, which exists between 
police “catch rate” and the probability of being observed in Border Guard data. 

34. From equations (2) we derive the following relationship 

𝜇𝜇𝑖𝑖 = 𝑁𝑁𝑖𝑖𝛼𝛼 �
𝑛𝑛𝑖𝑖
𝑁𝑁𝑖𝑖
�
𝛽𝛽

, 

that can be used to verify the model assumptions. After dividing both sides by 𝑁𝑁𝑖𝑖 and applying the 
log transformation we get 

log �
𝜇𝜇𝑖𝑖
𝑁𝑁𝑖𝑖
� = (𝛼𝛼 − 1)log𝑁𝑁𝑖𝑖 + 𝛽𝛽log �

𝑛𝑛𝑖𝑖
𝑁𝑁𝑖𝑖
�. 
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35. Then, we can plug in 𝑚𝑚𝑖𝑖 and model log(𝑚𝑚𝑖𝑖/𝑁𝑁𝑖𝑖) into the linearized model 

log �𝑚𝑚𝑖𝑖
𝑁𝑁𝑖𝑖
� = (𝛼𝛼 − 1)log𝑁𝑁𝑖𝑖 + 𝛽𝛽log �𝑛𝑛𝑖𝑖

𝑁𝑁𝑖𝑖
� + 𝜖𝜖𝑖𝑖 , (4) 

from which we should expect a negative relationship with log𝑁𝑁𝑖𝑖 and a positive one with log(𝑛𝑛𝑖𝑖/𝑁𝑁𝑖𝑖). 

3. The target parameters 

36. We are interested in the target parameter describing the population size of irregular residents. Given 
the above model, the target parameter is defined as 

𝜉𝜉 = �𝐸𝐸
𝐶𝐶

𝑖𝑖=1

(𝑀𝑀𝑖𝑖|𝑁𝑁𝑖𝑖) = �𝑁𝑁𝑖𝑖𝛼𝛼
𝐶𝐶

𝑖𝑖=1

, 

and its estimator is given by 

𝜉𝜉 = �𝑁𝑁𝑖𝑖𝛼𝛼�
𝐶𝐶

𝑖𝑖=1

, 

where 𝛼𝛼� is the estimator of 𝛼𝛼. 

4. Extensions 

37. A natural way of extending the above model is to include additional covariates, such as country, sex, 
age or place of residence to account for variability in 𝛼𝛼 or/and 𝛽𝛽 and including different distributions 
for the observed counts 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡. 

38. Let 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 be observed counts for period 𝑖𝑖 = 1, . . ,𝑇𝑇 , country 𝑖𝑖 = 1, . . . ,𝐶𝐶 and domain 𝑗𝑗 = 1, . . . , 𝐽𝐽 
defined as an interaction between, e.g. sex and age. We assume that the observed counts are 
generated from the count distribution given [eq-count-general] 

𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 ∼ Count(𝛈𝛈), 

where Count denotes a suitable count distribution, such as Poisson, Geometric or Negative Binomial 
(NB2), and 𝛈𝛈 is a vector of parameters for a given distribution – for Poisson: 𝛈𝛈 = �𝜇𝜇𝑡𝑡𝑡𝑡𝑡𝑡� or for NB2: 
𝛈𝛈 = �𝜇𝜇𝑡𝑡𝑡𝑡𝑡𝑡,𝜙𝜙�, where 𝜇𝜇𝑡𝑡𝑡𝑡𝑡𝑡 is defined as in [eq-mu]. 

39. Note that, by definition, 𝜇𝜇𝑡𝑡𝑡𝑡𝑡𝑡 > 0 is positive as we only observe apprehended foreigners from a given 
country and belonging to a given domain. This resembles the situation in single-source capture-
recapture studies based on re-apprehensions. Thus assuming [eq-poisson-start] will lead to 
underestimation estimates of the population total as shown in a limited simulation study in Appendix 
9.4. This results suggest that the original model proposed by L.-C. Zhang (2008) may lead to biased 
estimates of 𝜉𝜉. Furthermore, zero-inflation may be presence. For instance, the study by Böhning, 
Heijden, et al. (2019) shows equivalence between zero-truncated one-inflated and zero-one truncated 
count distributions. Having that in mind, our extension we also consider distributions that may be 
zero-truncated as the one below 

𝑓𝑓+�𝑚𝑚𝑡𝑡𝑖𝑖𝑖𝑖,𝛈𝛈� =
𝑓𝑓�𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡,𝛈𝛈�
1 − 𝑝𝑝(0,𝛈𝛈), 

or zero-one truncated as given by 
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𝑓𝑓++�𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡,𝛈𝛈� =
𝑓𝑓�𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡,𝛈𝛈�

1 − 𝑓𝑓(0,𝛈𝛈) − 𝑓𝑓(1,𝛈𝛈), 

where 𝑓𝑓+(. ),𝑓𝑓++(. ) denote truncated count densities, 𝑓𝑓(0,𝛈𝛈),𝑓𝑓(1,𝛈𝛈) represent 0 and 1 densities and 
𝛈𝛈 is a vector of parameters for a given count distribution. 

40. In our study we consider the following distributions for 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡: Poisson (PO), zero-truncated Poisson 
(ztPO), Negative-Binomial (NB2) and zero-truncated Negative Binomial (ztNB2), where 𝜇𝜇 is the 
mean and 𝜙𝜙 is the dispersion parameter. Log-likelihood functions for the models considered in the 
paper are given in Appendix 9. 

41. Furthermore, we extend equation (1) by including covariates 

𝜇𝜇𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡𝐗𝐗
𝑇𝑇𝛂𝛂 �𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡

𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡
�
𝐙𝐙𝑇𝑇𝛃𝛃

, (3) 

where 𝐗𝐗 and 𝐙𝐙 may be the same and 𝛈𝛈 is estimated using the maximum likelihood method. Note that 
𝐗𝐗 and 𝐙𝐙 can refer to the domains defined by 𝑗𝑗, as the model uses only two covariates – population 
size 𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡 and police records to population size 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡/𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡. This is an interesting alternative to, for 
instance, the model proposed by Stoner, Economou, and Drummond Marques da Silva (2019), which 
requires strong covariates for under-reporting and observed counts. 

42. Under the model (3) estimator for the target parameter given by [xi-estimator] changes to 

𝜉𝜉 = �𝑁𝑁𝑖𝑖𝐗𝐗
𝑇𝑇𝛂𝛂�

𝐶𝐶

𝑖𝑖=1

. 

5. Estimating uncertainty 

(d) Zhang (2008) proposal 

43. In the original paper, Zhang did not calculate variance for the target parameter 𝜉𝜉 but proposed 
a confidence interval for 𝜉𝜉 by plugging in the confidence interval for 𝛼𝛼. Thus, the CI for 𝜉𝜉 is given 
by 

��𝑁𝑁𝑖𝑖
𝛼𝛼𝑙𝑙

𝐶𝐶

𝑖𝑖=1

,�𝑁𝑁𝑖𝑖
𝛼𝛼𝑢𝑢

𝐶𝐶

𝑖𝑖=1

�, 

where 𝛼𝛼𝑙𝑙 ,𝛼𝛼𝑢𝑢 are the lower bound and upper bound of the CI interval for 𝛼𝛼. If we use additional 
covariates to explain variability in 𝜉𝜉 we can plug in lower and upper bounds for all parameters as 
shown below 

��𝑁𝑁𝑖𝑖
𝐗𝐗𝑇𝑇𝛂𝛂𝑙𝑙

𝐶𝐶

𝑖𝑖=1

,�𝑁𝑁𝑖𝑖
𝐗𝐗𝑇𝑇𝛂𝛂𝑢𝑢

𝐶𝐶

𝑖𝑖=1

�, 

where 𝛂𝛂𝑙𝑙 and 𝛂𝛂𝑢𝑢 are vectors with lower and upper bounds. 
(e) Parametric bootstrap 

44. We use an alternative approach, based on parametric bootstrapping, to estimate the mean square 
error, which exploits an idea similar to that proposed by González-Manteiga et al. (2008) for small 
area estimation. It consisting of the following steps: 

a. given 𝑛𝑛𝑖𝑖,𝑚𝑚𝑖𝑖 and 𝑁𝑁𝑖𝑖, calculate 𝛈𝛈� using the maximum likelihood function, 
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b. given 𝛈𝛈�, generate 𝛈𝛈�∗ from a multivariate normal distribution MVN �𝛈𝛈�, Cov� (𝛈𝛈�)�, where Cov�  
denotes the covariance of 𝛈𝛈�. For instance, for the NB2 model we use 

�
𝛂𝛂∗
𝛃𝛃∗
𝜙𝜙∗
� ∼ MVN��

𝛂𝛂�
𝛃𝛃�
𝜙𝜙�
� , �

𝑉𝑉(𝛂𝛂�) Cov�𝛂𝛂�,𝛃𝛃�� Cov�𝛂𝛂�,𝜙𝜙��
Cov�𝛃𝛃�,𝛂𝛂�� 𝑉𝑉�𝛃𝛃�� Cov�𝛃𝛃�,𝜙𝜙��
Cov�𝜙𝜙�,𝛂𝛂�� Cov�𝜙𝜙�,𝛃𝛃�� 𝑉𝑉�𝜙𝜙��

��, 

c. calculate 𝜉𝜉∗ = ∑ 𝑁𝑁𝑖𝑖𝛂𝛂
∗𝐶𝐶

𝑖𝑖=1 , 

d. generate 𝑚𝑚𝑖𝑖
∗ from the assumed distribution using 𝜇𝜇∗ = 𝑁𝑁𝐗𝐗𝑇𝑇𝛂𝛂∗ �𝑛𝑛

𝑁𝑁
�
𝐙𝐙𝑇𝑇𝛃𝛃∗

, 
e. fit the model to �𝑚𝑚𝑖𝑖

∗,𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡,𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡� and estimate 𝛈𝛈∗, 
f. estimate 𝜉𝜉∗ = ∑ 𝑁𝑁𝑖𝑖𝛂𝛂�

∗𝐶𝐶
𝑖𝑖=1 , 

g. repeat steps 2–6 𝐵𝐵 times and calculate the bootstrap MSE estimator 

mse =
1
𝐵𝐵
��𝜉𝜉∗ − 𝜉𝜉∗�

2
𝐵𝐵

𝑏𝑏=1

, 

  and Relative MSE estimator 

rmse =
√mse
𝜉𝜉‾∗

. 

45. Based on bootstrapped 𝜉𝜉∗ from point 4 we calculate the confidence interval for 𝜉𝜉 using the 95% 
percentile method and a method recently introduced by Liu, Gelman, and Zheng (2015) called the 
shortest probability interval (SPIN). The latter method is recommended for asymmetric 
distributions, bounded variables (e.g. positive); intervals constructed using SPIN have better 
coverage. 

IV. Results 

A. Data for the model 

46. In our study we used Polish data from two halves of 2019 for the foreign population aged 18+. The 
PESEL register reflected the state at 31 March and 30 September. Then, we prepared data for the 
first and second half of the year using police and Border Guard data. L.-C. Zhang (2008) used 
a similar approach involving population data as at 01 Jan 2006, police data about foreigners charged 
with criminal offences in 2005 and the number of unauthorized foreigners between May 2005 and 
April 2006. In addition, we derived data broken down by sex and economic age group (18-59 and 
60+ for women; 18-64 and 65+ for men). Table 4 presents information about the number of 
foreigners and countries of origin present in the PESEL, police and Border Guard registers. The 
PESEL register contained 151 and 147 countries in the first and second half of the year, respectively, 
police data – around 100, and Border Guard records – around 70. The two latter sources contain 
a considerably greater percentage of men, in contrast to the PESEL register, where women account 
for around 60% of all foreigners. 
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Table 4. 
The number of foreigners and countries by data source, sex and period before applying the condition 
for the model 

Classification Number of foreigners Number of countries 
Source Sex 1𝑠𝑠𝑠𝑠 period 2𝑠𝑠𝑠𝑠 period 1𝑠𝑠𝑠𝑠 period 2𝑠𝑠𝑠𝑠 period 
PESEL Total 232,468 234,194 151 147 
 Women 137,424 137,880 145 140 
 Men 95,044 96,314 127 130 
Border Guard Total 3,187 3,435 77 68 
 Women 762 776 40 39 
 Men 2,425 2,659 72 67 
Police (all) Total 20,138 23,330 100 98 
 Women 3,017 3,079 58 57 
 Men 17,121 20,251 94 94 

47. The model requires that the following conditions hold: 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡 > 0, 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡 > 0 and 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡/𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡 < 1, so we 
created a new dataset that meets these requirements. Countries that do not satisfy these conditions 
were grouped to create a pseudo-country denoted as other4. After applying this condition, we 
received a total of 73 countries (including category other), of which 50 were observed in both 
periods and 23 only in one (65 in the first and 58 in the second half of 2019). The full list of 
countries is given in Appendix. 

 

B. Verification of assumptions 

48. To verify the model assumptions we investigate the relationships resulting from equation [eq-lin] 
and compare the log of the PESEL population with the log of Border Guard (BG) counts to the 
PESEL population (top) and the log of police counts to the PESEL population by country of origin 
(bottom) and sex in both halves of 2019. Figure 1 presents these relationships with a linear model 
defined in [eq-lin], which was calculated for the whole dataset, while figure 2 includes separate fits 
for each sex. The shapes are defined by the interaction of sex and age (working age and post-
working age). 

49. Both plots show the expected relationship, i.e. a negative correlation with the population size (less 
than -0.6) and a positive correlation with the proportion of police-to-PESEL counts for both quarters 
(over 0.7). This means that the relationship between the size of the unauthorized and registered 
population decreases as the registered population grows. However, there is an outlier in our 
population – Ukraine. Citizens of this country are the biggest immigrant group in Poland in all 
datasets (over 70% in the PESEL population, around 60% of BG apprehensions and close to 70% of 
all police registrations). Ukraine is an outlier for both sexes but not for the relationship seen within 
the police data. If Ukraine is excluded, the correlation with the PESEL population changes to around 
-0.7 while the correlation with the log of police-to-PESEL counts stays the same. In addition, the 
pseudo-country, denoted by UNK, is an outlier but only for males. 

  
 

4 In the plots they are marked as UNK, i.e. unknown 
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Figure 1. The relationship between the log of the PESEL population and the log of the BG-to-PESEL counts 
(top) and between the log of police-to-PESEL counts and the log of BG-to-PESEL counts (bottom) at the end 
of first and third quarter of 2019. Shapes represent domains cross-classified by sex and age, symbol size 
represents the square root of the PESEL population and solid lines are regression lines. Pearson correlation 
coefficient is denoted by 𝜌𝜌 in the top left corner. 
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Figure 2. The relationship between the log of the PESEL population and the log of the BG-to-PESEL counts 
(top) and between the log of police-to-PESEL counts and the log of BG-to-PESEL counts (bottom) at the end 
of first and third quarter of 2019 by sex. Shapes represent domains cross-classified by sex and age, symbol 
size represents the square root of the PESEL population and solid lines are regression lines. Pearson 
correlation coefficient is denoted by 𝜌𝜌 in the top left corner. 

50. Figure 2 presents the same relationship but separately for each sex. As can be seen, there are 
differences in this respect, particularly in the comparison with the log of the PESEL population, as 
evidenced by the shift in the regression lines. This means that the unauthorized population mainly 
consists of males, in contrast to the registered (PESEL) population, which is dominated by females. 
A similar pattern can be observed regarding the relationship with the police data, where Pearson’s 
correlation coefficient for both sexes is around 0.5-0.6, while without accounting for sex – around 
0.7. 

51. The above claims are also confirmed by results from fitting the linearized model given by (4). For 
both periods 𝛼𝛼 − 1 parameter associated with log�𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡� was equal to -0.4109 and -0.4190 indicating 
that the relationship with regular population is stable overtime and 𝛽𝛽 for log�𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡/𝑁𝑁𝑡𝑡𝑡𝑡𝑡𝑡� was equal to 
0.5694 and 0.5841. 
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C. Estimation results 

52. Table 5 contains the main model performance measures, while additional details, including 
diagnostics, are presented in Appendix 10. Results are broken down by quarter end, distribution and 
covariates used in the modelling phase. We also report AIC and BIC. As expected, truncated 
distributions yield better lower values of information criteria and higher values of 𝜉𝜉. 

Table 5. Quality of models used in the study and the estimated population ξ̂ 

Distribution Covariates for 𝛼𝛼 LogLik AIC BIC 𝜉𝜉 
At the end of 1𝑠𝑠𝑠𝑠 quarter 2019 

PO No covariates -733.1 1,470.3 1,475.5 24,119.9 
 Ukraine -648.7 1,303.5 1,311.3 20,835.8 
 Sex -682.5 1,371.0 1,378.8 51,982.8 
 Ukraine & Sex -630.1 1,268.1 1,278.6 34,870.1 

NB2 No covariate -285.7 577.4 585.2 9,664.0 
 Ukraine -283.1 574.1 584.5 11,817.1 
 Sex -285.6 579.1 589.6 10,447.2 
 Ukraine & Sex -283.1 576.1 589.1 11,568.0 

Truncated PO No covariate -721.2 1,446.4 1,451.6 24,799.2 
 Ukraine -636.2 1,278.4 1,286.3 21,476.9 
 Sex -657.4 1,320.8 1,328.6 64,142.1 
 Ukraine & Sex -608.9 1,225.8 1,236.2 42,769.8 
Truncated NB2 No covariate -267.1 540.2 548.0 11,390.6 
 Ukraine -264.9 537.8 548.2 14,453.0 
 Sex -266.4 540.8 551.2 14,239.6 
 Ukraine & Sex -264.7 539.5 552.5 15,959.0 

At the end of 3𝑟𝑟𝑟𝑟 quarter of 2019 
PO No covariate -822.2 1,648.3 1,653.4 23,582.6 

 Ukraine -735.7 1,477.5 1,485.1 21,139.0 
 Sex -742.2 1,490.3 1,497.9 65,011.0 
 Ukraine & Sex -689.8 1,387.6 1,397.8 49,080.1 

NB2 No covariate -278.8 563.6 571.2 11,421.8 
 Ukraine -276.5 561.1 571.3 14,568.7 
 Sex -276.6 561.2 571.4 19,128.5 
 Ukraine & Sex -275.5 561.0 573.7 20,258.7 

Truncated PO No covariate -812.9 1,629.9 1,635.0 24,043.0 
 Ukraine -725.4 1,456.7 1,464.3 21,615.4 
 Sex -718.0 1,442.0 1,449.6 80,318.6 
 Ukraine & Sex -666.5 1,341.1 1,351.2 61,718.0 
Truncated NB2 No covariate -258.4 522.8 530.4 14,377.1 
 Ukraine -256.5 521.1 531.3 19,388.6 
 Sex -253.8 515.6 525.8 45,008.1 
 Ukraine & Sex -253.3 516.6 529.3 48,387.7 
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53. For both periods, the Poisson and truncated Poisson distributions perform poorly and the estimated 
irregular population is very large. Results from Table 5 indicate that at the end of the first quarter the 
truncated NB2 with no covariates or with one covariate for 𝛼𝛼, i.e. Ukraine, is the best model in terms 
of information criteria (BIC). For the end of the third quarter, the best models also assume the NB2 
distribution but the ranking of covariates is different i.e. the model that accounts for sex is the best 
(BIC=529.3), while the model with Ukraine as a covariate is slightly worse (BIC=531.3). The main 
difference between these models is the degree of uncertainty, since in the first model the confidence 
interval is narrower than in the second. There is no justification for such an increase between two 
periods, given that the regular population grew from 232,500 to 234,200 and a big change in the 
irregular population is unlikely. This result is mainly due to high values of 𝛼𝛼�0, which for the 
truncated NB2 with sex as a covariate equals 0.875, with sex and Ukraine – 0.838 and the model 
with Ukraine – 0.673. Based on that we decided to focus on truncated NB2 models without 
covariates and that with Ukraine as the only covariate in 𝛼𝛼�. 

54. Estimated 𝛼𝛼�0,𝛼𝛼�1, 𝛽̂𝛽 and 𝜙𝜙� are reported in Table 6. In addition we provide the Sum of Squares (in 
thousands) denoted by SSQ. Diagnostics for the final model are presented in Appendix 10. For both 
quarters models with no covariates are characterised by higher 𝛼𝛼�0 and 𝛽̂𝛽 and the SSQ over 5 times as 
high as that for the models with one covariate (Ukraine, 𝛼𝛼�1). As expected, the parameter for Ukraine 
is positive but is characterised by a high standard error as we have only 4 observations for this 
country. 
 

Table 6. Estimated parameters for models with no covariates (no cov.) and with Ukraine as a 
covariate under the truncated NB2 distribution. Standard errors are reported in parenthesis. 

As at Model 𝛼𝛼�0 𝛼𝛼�1 𝛽̂𝛽 𝜙𝜙� SSq 
31.03 No cov. 0.685 (0.032) – 0.710 (0.067) 1.267 (0.320) 823.3 
31.03 Ukraine 0.649 (0.034) 0.095 (0.05) 0.665 (0.067) 1.367 (0.350) 149.6 
31.03 No cov. 0.712 (0.038) – 0.814 (0.081) 0.914 (0.246) 818.2 
31.03 Ukraine 0.673 (0.041) 0.104 (0.06) 0.761 (0.081) 0.975 (0.263) 179.2 

55. The research on irregular migration in Poland is limited. As far as we know, the only results about 
the unauthorized population in Poland can be found in (Pew Research Center 2019a). The analysis 
was carried out for the period 2014-2017, and the population was estimated to be lower than 
100,000, regardless of whether or not waiting asylum seekers were included Pew Research Center 
(2019a). In their report, Pew Research Center (2019a) does not provide any point estimates or 
quantify the uncertainty behind this number. Thus, currently there is no other estimate that our 
results can be compared with5. 

56. To provide some context, we compare our estimates with relevant statistics on migration to Poland 
reported by the Office for Foreigners for 2019. Table 7 contains three indicators that can be 
connected with illegal stays – negative decisions issued to applications for temporary and permanent 
stay and decisions about the compulsory return of an individual to their country of origin. A 
foreigner who has received a negative decision is obliged to leave Poland within 30 days from the 
date when the decision was issued. If a foreigner does not leave Poland within this period and is 
apprehended, they are ordered to return. There are multiple reasons why such an order can be issued, 

  
 

5 Note that Eurostat’s data presented in the second section are based on Border Guard data and are not 
included here 
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such as illegal stay or work or being considered persona non grata6. The order to return is issued by 
the commanding officer of the Border Guard unit or the commanding officer of the locally 
competent Border Guard unit and most of such orders are given to foreigners who exit Poland and 
were identified as staying illegally (29,072 obligations in Table 7 and 25,810 in Table 1). 

57. The number of refusals concerning applications for a temporary and permanent stay is close to 
36000 and is significantly higher than our estimates. This is mainly because of a variety of reasons 
for issuing a negative decision (e.g. not meeting requirements for a temporary stay or detention. The 
full list is given in Appendix 11.1). Our point estimate is lower than the total number of refusals and 
orders to return, which suggests that the size of the unauthorized population is plausible. 

 
Table 7. 
Comparison of estimated ξ classified by Ukraine, age group and sex with data from Polish registers 

Period Total Ukraine Working age Non-working age Males Females 
𝜉𝜉 

31.03.2019 14,453 9,378 13,586 867 6,492 7,961 
30.09.2019 19,389 13,619 18,212 1,177 8,641 10,747 

Refused applications for a temporary stay 
2019 32,835 19,685 – – 21,623 11,212 

Refused applications for a permanent stay 
2019 3,096 434 – – 1,674 1,180 

Decisions of return to the country of origin 
2019 29,072 21,694 – – 20,774 8,298 

       

58. Table 7 contains information about the number of irregular residents from Ukraine and by age and 
sex. The total in comparison to the regular population in Poland in 2019 (37.97 million) is close to 
0.04% on 31 December 2019, and 0.05% on 30 September 2019 is small and plausible. (Pew 
Research Center 2019a) reports that the irregular population for most countries is lower than 1%. 

59. The demographic structure is also probable except for sex. Ukrainians account for over 65% the 
irregular population, which is similar to the percentage of refusals or return decisions for Ukrainians. 
Most of them are people of working age, since their motivation for migrating to Poland is mainly 
economic. The main problem is the sex structure. Our estimates show that the majority are females, 
while all other data (apprehensions, refusals, return decisions, etc.) indicate the opposite. The main 
reason for this result is the structure of the PESEL register, in which the majority (about 60%) are 
women. However, if we compare our estimate to the regular foreign population of males and 
females, we get 6.8% and 5.8% respectively, which indicates that males are more likely to be 
irregular migrants. 

60. Finally, Table 8 contains interval estimates for the size of the irregular population using three 
different measures: L.-C. Zhang (2008) plugin interval, the bootstrap calculated using SPIN and the 
percentile method. The method used by L.-C. Zhang (2008) yields a very wide interval ranging from 
4,000 to 67,000 at 31 March and from 4,000 to 134,000 at 30 September. The SPIN and quantile 
method provides similar intervals for the first period suggesting that in the first period the irregular 

  
 

6 The full list is provided in Appendix 11.1 
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population ranged from 7,000 to 30,000. For the second period SPIN yields a shorter interval 
between 6,000 and 57,000. The estimated √𝑚𝑚𝑚𝑚𝑚𝑚�  equals 8,259 and 15,904 respectively. The SPIN 
method is preferred as the bootstrapped 𝜉𝜉∗ are right-skewed, as shown in Figure 10.2. 

 
Table 8. 
Estimated size of the irregular population in Poland in 2019 with 95% interval estimates based on 
three methods, MSE and RRMSE based on parametric bootstrap 

Period Method Estimate Lower Upper 
31.03.2019 Plug-in 14,453 4,696 67,404 
 SPIN 14,453 6,802 29,381 
 Percentile 14,453 7,616 30,651 
 √𝑚𝑚𝑚𝑚𝑚𝑚�  8,259 – – 

 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�  45% – – 
30.09.2019 Plug-in 19,389 4,836 133,792 
 SPIN 19,389 6,011 47,681 
 Percentile 19,389 9,275 56,555 
 √𝑚𝑚𝑚𝑚𝑚𝑚�  15,904 – – 

 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟�  64% – – 

V. Discussion 

61. In the paper we propose a different approach to estimate the hard-to-reach population of irregular 
foreigners based on a flexible non-linear count regression model. The approach is an alternative to 
classic capture-recapture methods based on one or multiple sources and the interpretation of results 
is more intuitive as the irregular population is conditionally dependent on the regular population. 
Extending the model for additional covariates and zero-truncated distributions makes it more 
general. That said, the proposed model has certain limitations. 

62. The approach is based solely on the administrative data and, as a result, the quality of our estimates 
depends on the availability of high-quality register-based statistics. Beresewicz, Gudaszewski, and 
Szymkowiak (2019) provided estimates of the size of the de facto population of foreigners for 2015 
and 2016. The paper includes information about the co-occurrence of regular foreigners in the 
PESEL and two external registers maintained by the National Insurance Institution (ZUS) and the 
Office for Foreigners. For instance, the PESEL register data for 2016 were linked with two other 
sources and around 7,000 (out of 47,000) foreigners were observed exclusively in the PESEL 
register. This figure, however, cannot be used as a measure of overcoverage because only three 
sources were used. In a more recent study, Statistics Poland (2020) published a detailed analysis of 
foreigners based on 9 registers linked by the PESEL id. Only about 1,500 out of 2.1 million 
foreigners were found to be listed exclusively in the PESEL register while over 980,000 were listed 
only in one of the other registers. This indicates that the PESEL register is not considerably affected 
by overcoverage. 

63. Because not all countries have a population register (e.g. United States or Ireland), it is possible to 
use population surveys, such as the Current Population Survey conducted by the US Census Bureau, 
or a system of integrated registers with signs-of-life methodology as in L. Zhang and Dunne (2018). 
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64. Selection of data for the model should be strictly connected with the definition of the irregular 
population used in the study. Currently, there is no information about how long apprehended 
foreigners have been staying in Poland, which means that this group can include a mix of persons 
who have been residing for a period longer than 3 months, have exceeded their temporary residence 
permit or have been staying without any permit. Therefore, there is a need for a close collaboration 
with the Border Guard. 

65. However, the model assumes a relationship between the regular and irregular population and 
therefore the approach can be applied to different populations, such as illegal workers or the 
homeless population, given the existence of register-based proxy populations and auxiliary variables. 
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Santamarıá. 2008. “Bootstrap Mean Squared Error of a Small-Area EBLUP.” Journal of Statistical 
Computation and Simulation 78 (5): 443–62. 

Greenwood, Major, and G Udny Yule. 1920. “An Inquiry into the Nature of Frequency Distributions 
Representative of Multiple Happenings with Particular Reference to the Occurrence of Multiple Attacks of 
Disease or of Repeated Accidents.” Journal of the Royal Statistical Society 83 (2): 255–79. 

Hanson, Gordon H. 2006. “Illegal Migration from Mexico to the United States.” Journal of Economic 
Literature 44 (4): 869–924. 

Henningsen, Arne, and Ott Toomet. 2011. “maxLik: A Package for Maximum Likelihood Estimation in R.” 
Computational Statistics 26 (3): 443–58. https://doi.org/10.1007/s00180-010-0217-1. 

Liu, Ying, Andrew Gelman, and Tian Zheng. 2015. “Simulation-Efficient Shortest Probability Intervals.” 
Statistics and Computing 25 (4): 809–19. 

Oliveira, Guilherme Lopes de, Rosangela Helena Loschi, and Renato Martins Assunção. 2017. “A Random-
Censoring Poisson Model for Underreported Data.” Statistics in Medicine 36 (30): 4873–92. 

Passel, Jeffrey. 2007. “Unauthorized Migrants in the United States: Estimates, Methods, and 
Characteristics.” 

Pew Research Center. 2019a. “Europe’s Unauthorized Immigrant Population Peaks in 2016, Then Levels 
Off.” https://www.pewresearch.org/global/2019/11/13/europes-unauthorized-immigrant-population-
peaks-in-2016-then-levels-off/. 

———. 2019b. “Europe’s Unauthorized Immigrant Population Peaks in 2016, Then Levels Off – 
Methodology.” https://www.pewresearch.org/global/2019/11/13/eu-unauthorized-immigrants-
methodology/. 

Polish Border Guard. 2020. “Consequences of Illegal Stay.” 
https://www.strazgraniczna.pl/pl/cudzoziemcy/konsekwencje-nielegalne/8445,consequences-of-
illegal-stay.htmll. 

R Core Team. 2019. R: A Language and Environment for Statistical Computing. Vienna, Austria: R 
Foundation for Statistical Computing. https://www.R-project.org/. 

Statistics Poland. 2020. “The Foreign Population in Poland During the COVID-19 Pandemic.” 
https://stat.gov.pl/en/experimental-statistics/human-capital/the-foreign-population-in-poland-
during-the-covid-19-pandemic,10,1.html. 

https://ec.europa.eu/eurostat/statistics-explained/index.php/Enforcement_of_immigration_legislation_statistics
https://ec.europa.eu/eurostat/statistics-explained/index.php/Enforcement_of_immigration_legislation_statistics
https://doi.org/10.1007/s00180-010-0217-1
https://www.pewresearch.org/global/2019/11/13/europes-unauthorized-immigrant-population-peaks-in-2016-then-levels-off/
https://www.pewresearch.org/global/2019/11/13/europes-unauthorized-immigrant-population-peaks-in-2016-then-levels-off/
https://www.pewresearch.org/global/2019/11/13/eu-unauthorized-immigrants-methodology/
https://www.pewresearch.org/global/2019/11/13/eu-unauthorized-immigrants-methodology/
https://www.strazgraniczna.pl/pl/cudzoziemcy/konsekwencje-nielegalne/8445,consequences-of-illegal-stay.htmll
https://www.strazgraniczna.pl/pl/cudzoziemcy/konsekwencje-nielegalne/8445,consequences-of-illegal-stay.htmll
https://www.r-project.org/
https://stat.gov.pl/en/experimental-statistics/human-capital/the-foreign-population-in-poland-during-the-covid-19-pandemic,10,1.html
https://stat.gov.pl/en/experimental-statistics/human-capital/the-foreign-population-in-poland-during-the-covid-19-pandemic,10,1.html


Working paper 3 

 

 21 
 

Stoner, Oliver, Theo Economou, and Gabriela Drummond Marques da Silva. 2019. “A Hierarchical 
Framework for Correcting Under-Reporting in Count Data.” Journal of the American Statistical Association 
114 (528): 1481–92. 

Van Der Heijden, Peter Gm, Rami Bustami, Maarten JLF Cruyff, Godfried Engbersen, and Hans C Van 
Houwelingen. 2003. “Point and Interval Estimation of the Population Size Using the Truncated Poisson 
Regression Model.” Statistical Modelling 3 (4): 305–22. 

Van der Heijden, Peter GM, Joe Whittaker, Maarten Cruyff, Bart Bakker, Rik Van der Vliet, et al. 2012. 
“People Born in the Middle East but Residing in the Netherlands: Invariant Population Size Estimates and 
the Role of Active and Passive Covariates.” The Annals of Applied Statistics 6 (3): 831–52. 

Zhang, LC, and J Dunne. 2018. “Trimmed Dual System Estimation. W: D. Böhning, PGM van Der Heijden, 
j. Bunge (Red.).” Capture-Recapture Methods for the Social and Medical Sciences, 237–57. 

Zhang, Li-Chun. 2008. “Developing Methods for Determining the Number of Unauthorized Foreigners in 
Norway.” Statistics Norway (SSB), Division for Statistical Methods and Standards. Www. Ssb. No.(accessed 
July 28, 2008). 

 

     


	I. Introduction
	II. The population of irregular foreigners in Poland
	1. Basic definitions
	2.  Data Sources
	(a) Polish Border Guard data
	(b) Police data
	(c) The registered (legal) population


	III. Theoretical properties of the L.-C. Zhang (2008) model
	1. Model assumptions
	2. Zhang (2008) model
	3. The target parameters
	4. Extensions
	5. Estimating uncertainty
	(d) Zhang (2008) proposal
	(e) Parametric bootstrap


	IV. Results
	A. Data for the model
	B. Verification of assumptions
	C. Estimation results

	V. Discussion
	VI. Acknowledgements
	VII. References

